The category of problems that examines the dynamic behavior of inclusions embedded in elastic media is of particular interest to the study of dynamic soil-structure interaction. In a majority of investigations, the interface between the inclusion and the surrounding elastic medium is assumed to be perfectly bonded. This paper examines the elastodynamic problem pertaining to the steady rectilinear oscillations of a spherical rigid inclusion that is embedded in smooth bilateral contact with an isotropic elastic medium of infinite extent. The bilateral contact is maintained by the application of a uniform radial stress field at infinity. The inclusion is subjected to a harmonic oscillation. The analytical solution for the resulting elastodynamic problem is developed in exact closed form. The numerical results presented in the paper illustrate the manner in which the dynamic compliance of the embedded rigid spherical inclusion is influenced by the frictionless boundary conditions at the inclusion-elastic medium interface.
INTRODUCTION
The dynamic behavior of rigid inclusions embedded in elastic media serves as a useful model for the examination of the dynamic behavior of structures and foundations embedded in soil media. Although soil media possess complicated stress-strain characteristics, such elastodynamic modeling provides a valid first approximation for the treatment of dynamic soil-structure interaction phenomena associated with embedded foundations. Two types of embedded foundations are encountered in engineering practice. A partially embedded foundation is one in which the soil medium associated with the interaction problem can be modeled as a half-space region. The elastodynamic modeling associated with the half-space model has been applied quite successfully in the analysis of a variety of soil-structure interaction problems. Extensive accounts of these developments are given by Eringen and Suhubi (1974) , Dasgupta and Chopra (1979) , Selvadurai and Rahman (1981) and Gazetas (1983) .
In this paper we shall focus attention on the type of problem in which the foundation is deeply embedded in an isotropic elastic medium of infinite extent. Such structural foundations can range from end-bearing pile foundations to anchor regions that are used to resist uplift loads. The problem of the deeply embedded foundation also serves as a useful model for the examination of the performance of in situ dynamic testing devices such as the screw plate test and the penetration test (Fig. 1) . In relation to the analysis of dynamic in situ testing devices, the results developed for the dynamic behavior of foundations resting on a half-space region are of limited relevance. The fully embedded nature of an in situ testing device makes it nec-'Prof. and Chmn., Dept. of Civ. Engrg., Carleton Univ., Ottawa, Ontario, K1S 5B6, Canada.
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Note. Discussion open until February 1, 1991. To extend the closing date one month, a written request must be filed with the ASCE Manager of Journals. The manuscript for this paper was submitted for review and possible publication on April 21, 1989. This paper is part of the Journal of Engineering Mechanics, Vol. 116, No. 9, September, 1990 . ©ASCE, ISSN 0733-9399/90/0009-1945 essary to adopt the analytical treatment in relation to an infinite space rather than a half-space. With reference to the problem of the dynamic behavior of rigid objects embedded in elastic media, Mai et al. (1968) , Datta (1970) , and Mai (1971) have examined the dynamic interaction between an embedded rigid disc and a normally incident plane harmonic compressional wave. The dynamic problems related to the steady axisymmetric and rotational oscillations of a rigid disc inclusion that is embedded in bonded contact with an isotropic elastic medium of infinite extent has also been examined by Selvadurai (1980 Selvadurai ( , 1981 . Kanwal (1965) has presented an approximate solution to the embedded rigid inclusion problem that is based on matched asymptotic expansion techniques. Selvadurai and Rahman (1981) have presented further approximate solutions to the embedded disc inclusion problem in which the contact pressure distributions at the inclusion-elastic medium interface are assigned a priori. Selvadurai (1981) has extended the study of the dynamic loading of a disc inclusion to include viscoelastic behavior of the surrounding medium.
Of specific interest to this paper are the solutions for the steady oscillations of three-dimensional objects such as spheres and ellipsoids embedded in full bonded contact with elastic regions of infinite extent. Such solutions have been developed by Williams (1966) , Chadwick and Trowbridge (1967) , and Datta and Kanwal (1979) . In particular, the solution to the problem of the steady oscillations of a rigid sphere embedded in bonded contact with an elastic medium of infinite extent has been used by Selvadurai (1980) to provide a basis for the theoretical evaluation of the dynamic screw plate test. In view of the uncertainties that are associated with the modeling of such an in situ test, it is necessary to consider a variety of plausible models in which the boundary conditions at the inclusion-elastic medium are subject to variations. Several interface conditions can be utilized in the solution of the embedded rigid spherical inclusion problem. These range from the perfectly bonded interface to the smooth case with Coulomb friction or finite friction occupying an intermediate position. In this paper we focus attention on the smoothly embedded rigid spherical inclusion where a bilateral constraint ensures that there is no separation at the interface. The assumption of a smooth interface with a bilateral contact is a suitable assumption for a deeply embedded foundation since the effects of self-weight stresses ensure that the interface will not experience separation under the action of a steady oscillatory axial loading within the elastic limit.
FUNDAMENTAL EQUATIONS
We consider the problem of an isotropic elastic infinite space that contains a rigid spherical inclusion. The contact at the inclusion-elastic medium interface is considered to be smooth and bilateral. The bilateral contact is maintained by a radially symmetric isotropic stress field o-0 that is applied at infinity. The rigid spherical inclusion is subjected to steady rectilinear oscillations along the fixed axis z (Fig. 2) . The analysis is referred to a system of spherical polar coordinates (7?,9,<1>), and for axial symmetry, the non-zero components of the displacement vector u are (u R ,u e ,0), where u R and w e = functions of R, 0, and time t. We assume that the rectilinear oscillations of the smoothly embedded rigid inclusion with bilateral contact imposes the following boundary conditions at the smooth interface R = a:
where £,(f) = the axial displacement; and a Re = the shear stress. Following Chadwick and Trowbridge (1967) and Gurtin (1971) , we seek scalar wave function representations of u of the form
In order to satisfy the boundary conditions, we assume that <( > and \\i admit representations of the form <KR,e,r) = - 
where
In Eq. 4, u P and w s = the compressional and shear wave speeds, respectively, defined by
and A. and M-= Lame's constants. The relevant displacement and stress components can be written as 
In Eqs. 9 and 10, the prime denotes the derivative of the particular function with respect to R.
STEADY OSCILLATIONS OF EMBEDDED INCLUSION
Considering the boundary conditions (Eq. 1) associated with the smoothly embedded rigid spherical inclusion problem and the results (Eqs. 9 and 10), we obtain the following set of coupled differential equations for Fit) and G(t), i.e.
In view of the steady rectilinear oscillations of the smoothly embedded inclusion, we can write
and assume that F(i) and Git) can be represented in the forms 
and
For future reference, we note that A and B can also be represented in the forms The algebraic computations presented in the preceding sections have been systematized with speed and accuracy by using computer-based symbolic manipulation programs such as SMP (Kudera 1987) and MATHEMATICA (Wolfram 1988) . Similar techniques have been used with considerable success in the analytical formulation and solution of problems in dynamics, fluid mechanics, heat and mass transfer, nonlinear elasticity, and structural mechanics [see, e.g., Griffiths and Morrison (1978) , Rand (1984) , Selvadurai (1987) , Lee and Dasgupta (1988) , and Selvadurai et al. (1988) ].
. (23e) The real part of the functions F(t) and G(t) can be expressed in the form

DYNAMIC COMPLIANCE
The non-zero traction at the rigid sphere-elastic medium interface due to the dynamic loading is the radial stress <T RR . By making use of Eq. 3, the result (Eq. 7) can be expressed in the form <r*K = -(X + 2u. -ira p 0 and p/po = the mass ratio or density mismatch. In the developments presented here, it is explicitly assumed that the rigid spherical inclusion maintains smooth bilateral contact at the interface during the application of the steady dynamic oscillation bae'"". It is likely that for certain combinations of the initial stress cr 0 and the dynamic stresses induced by the steady oscillation, contact may be lost at the smooth interface. It is possible to establish a criterion that will assign the limits of applicability of the developed solution. Here again, computer algebra can be used to advantage to perform the computations.
) -F'"(t P ) + -i-
Consider the problem in which the elastic solid containing the smoothly embedded rigid inclusion is subjected to a radial compressive stress of magnitude (T 0 at infinity. It can be shown that the stress CT£ R developed at the smooth interface due to or 0 is given by
Here, compressive stresses are considered to be negative. The dynamic radial stress ORR induced at the bilateral interface due to the steady oscillations is given by Eq. 27. This, in turn, can be rewritten in the form crg R (a,6) = &n, X 2 (/? + m 2 ) 1 ' 2 cos (u>t + a*) cos 6
where l { and mi are defined by Eq. 31, and tan a* = (mi//,). Considering the maximum value of Eq. 33, we can obtain a consistency condition that will establish the occurrence of tensile stresses or the initiation of separation at the bilateral interface, i.e. 
"^(T^V)
In the limit as the frequency w reduces to zero, the result (Eq. 36) yields 
The presented result is in agreement with the exact closed-form result derived by Selvadurai and Au (1985) for the smoothly embedded rigid spherical inclusion problem. The exact closed-form solution (Eq. 36) can be evaluated to obtain specified results for the nondimensional relationship between the dynamic displacement 8a and maximum value Q* of the periodic force Q(t). . Also presented in these figures are the analogous results for the case in which the rigid spherical inclusion is embedded in full bonded contact with the elastic medium of infinite extent.
The result (Eq. 34) can be evaluated to establish the combinations of CT 0 / (JL8, v, and k that will either initiate or inhibit the occurrence of separation at the bilateral contact region. Fig. 6 shows the permissible combinations of these parameters that will satisfy the interface boundary conditions implicit in the theoretical developments. The aforementioned analytical expressions have been derived for idealized elastic soil media. In the case of material damping losses in the soil, a constant hysteretic or a Voigt model is very often considered. Numerical forms of the elastic-viscoelastic correspondence principle, such as the one proposed by Dasgupta and Sackman (1977) , can be employed to convert the numerical compliance coefficients presented herein. It should be mentioned that by using computer algebra packages such as SMP or MATHEMATICA, it is possible to isolate the real and imaginary parts of responses from the closed-form viscoelastic responses. The latter can be obtained by using the equivalent complex frequency (for viscoelasticity) in the algebraic expressions for responses in the place of w.
CONCLUSIONS
The classical elastodynamic problem pertaining to the rigid spherical inclusion that is embedded in smooth bilateral contact with an isotropic elastic medium provides a useful bound for the investigation of the dynamic be-havior of certain in situ testing techniques and embedded foundations. In the case in which the rigid spherical inclusion is subjected to steady oscillations, the solution to the elasto-dynamic problem can be evaluated in exact closed form. The numerical results presented in the paper examine the manner in which the boundary conditions at the inclusion-elastic medium interface (either fully bonded or smooth) influence the dynamic compliance of the embedded rigid spherical inclusion. As is evident, the relaxation of the bond conditions leads to a substantial increase in the dynamic compliance, and such changes are at a maximum when the Poisson's ratio of the elastic medium v = 1/2. The analytical results presented in the paper can also be used to establish the combinations of initial stress, amplitude of oscillations, frequency, and elastic material parameters that will initiate or suppress the development of separation zones.
In the development of the expressions for stresses and displacements in terms of potentials, computer algebra packages have been used extensively. All the intermediate results presented herein are verified by symbolic manipulation programs. The numerical results are finally obtained as simulations with particular input data sets. Such procedures are convenient, practical applications of the theoretical developments presented herein.
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